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The Advection-Dispersion Equation

The ADE:

Typically simplified, e.g., routing 
solutions:

Used for prediction in modelling

Used analytically to determine 
dispersion coefficients (regression)𝑐𝑐 𝑥𝑥2, 𝑡𝑡 = �

𝛾𝛾=−∞

∞
𝑐𝑐 𝑥𝑥1, 𝛾𝛾 𝑈𝑈
4𝜋𝜋𝐷𝐷𝑥𝑥 ̅𝑡𝑡

exp −
𝑈𝑈2 ̅𝑡𝑡 − 𝑡𝑡 + 𝛾𝛾 2

4𝐷𝐷𝑥𝑥 ̅𝑡𝑡 𝑑𝑑𝛾𝛾

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

+𝑤𝑤 𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

=

𝐷𝐷𝑥𝑥
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑥𝑥2

+ 𝐷𝐷𝑦𝑦
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑦𝑦

+ 𝐷𝐷𝑧𝑧
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑦𝑦2

𝑐𝑐 𝑥𝑥2,𝑦𝑦 = �
𝜆𝜆=−∞

∞
𝑐𝑐 𝑥𝑥1, 𝜆𝜆
4𝜋𝜋𝐷𝐷𝑦𝑦 ̅𝑡𝑡

exp −
𝜆𝜆 − 𝑦𝑦 + 𝑉𝑉 ̅𝑡𝑡 2

4𝐷𝐷𝑦𝑦 ̅𝑡𝑡 𝑑𝑑𝜆𝜆

Two types of applications:

?



Longitudinal dispersion in sewers

• Conducted dye tracing in sewers
• Attempting to link sewer hydraulics to Dx
• Challenge: changing pipe diameters
• When performing regression, what are the 

correct conduit characteristics?

Dx,1 Dx,2

Q1, U1, H1, R1, ̅𝑡𝑡1 Q2, U2, H2, R2, ̅𝑡𝑡2

Dx

???

https://doi.org/10.1061/J OEEDU.EEENG-7134



Averaging method to combine the effects of each 
sub-reach, by considering virtual intermediate 
measurement locations

Reach Unification
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Transverse Reach Unification

• Transverse mixing is of interest near outfalls, etc.
• River Mixing(Rutherford, 1994) suggests length 

weighted averaging of Dy
• Is this appropriate given what we know about 

longitudinal reach unification?

SG Wallis suggested rearrangement 
and substitution of the method of 
moments, relating variance and Dy

𝐷𝐷𝑦𝑦 =
𝑈𝑈
2
𝜎𝜎𝜕𝜕2 − 𝜎𝜎02

𝑥𝑥𝜕𝜕 − 𝑥𝑥0

𝜎𝜎02 + 2 ̅𝑡𝑡𝐴𝐴𝐷𝐷𝑦𝑦,𝐴𝐴 = 𝜎𝜎𝑎𝑎2 𝜎𝜎𝑎𝑎2 + 2 ̅𝑡𝑡𝐵𝐵𝐷𝐷𝑦𝑦,𝐵𝐵 = 𝜎𝜎𝑏𝑏2 𝜎𝜎𝑏𝑏2 + 2 ̅𝑡𝑡𝐶𝐶𝐷𝐷𝑦𝑦,𝐶𝐶 = 𝜎𝜎𝜕𝜕2
̅𝑡𝑡𝐴𝐴 = 𝑥𝑥𝑎𝑎 − 𝑥𝑥0 /𝑈𝑈𝐴𝐴 ̅𝑡𝑡𝐵𝐵 = 𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑎𝑎 /𝑈𝑈𝐵𝐵 ̅𝑡𝑡𝐶𝐶 = 𝑥𝑥𝜕𝜕 − 𝑥𝑥𝑏𝑏 /𝑈𝑈𝐶𝐶

𝐷𝐷𝑦𝑦 = 𝛼𝛼𝑈𝑈𝐷𝐷𝑦𝑦 =
∑𝑖𝑖=1𝑁𝑁 𝐷𝐷𝑦𝑦,𝑖𝑖 ̅𝑡𝑡𝑖𝑖
∑𝑖𝑖=1𝑁𝑁 ̅𝑡𝑡𝑖𝑖

𝑈𝑈 =
∑𝑖𝑖=1𝑁𝑁 𝑈𝑈𝑖𝑖 ̅𝑡𝑡𝑖𝑖
∑𝑖𝑖=1𝑁𝑁 ̅𝑡𝑡𝑖𝑖

𝛼𝛼 =
∑𝑖𝑖=1𝑁𝑁 𝛼𝛼𝑖𝑖Δ𝑥𝑥𝑖𝑖
∑𝑖𝑖=1𝑁𝑁 Δ𝑥𝑥𝑖𝑖

Not length 
weighted!

Length 
weighted!

Not the same 
equations as for Dx!
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Section:
Method:

Validation

• 100 synthetic data were generated using a finite 
differences model of the 2D depth-averaged 
ADE and the relationship 𝐷𝐷𝑦𝑦 = 0.13𝑈𝑈 𝑓𝑓/8

• Each sub-reach had a different length, velocity, 
depth, and friction

• Predictions were made with a
direct solution and compared
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Sub-reach A
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a
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c
b predicted
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ΔxA = 5 m
UA = 0.500 m/s

HA = 1 m
fA = 0.01

ΔxB = 10 m
UB = 0.250 m/s

HB = 2 m
fC= 0.05

ΔxC= 15 m
UC= 0.125 m/s

HC= 4 m
fC= 0.10

etc.

Predictions 
were also made 
using length 
weighting

As expected, there is 
perfect agreement 
between the FDM and 
analytical solution



Effect on regression
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Reach 
Unification

When applying reach unification, 
let 𝛼𝛼 = 𝑓𝑓/8, i.e., 

𝛼𝛼 =
∑𝑖𝑖=1𝑁𝑁 𝛼𝛼𝑖𝑖Δ𝑥𝑥𝑖𝑖
∑𝑖𝑖=1𝑁𝑁 Δ𝑥𝑥𝑖𝑖

𝑓𝑓/8 =
∑𝑖𝑖=1𝑁𝑁 𝑓𝑓𝑖𝑖/8Δ𝑥𝑥𝑖𝑖

∑𝑖𝑖=1𝑁𝑁 Δ𝑥𝑥𝑖𝑖

• Recovering the slope coefficient 
𝑘𝑘 = 0.13 in 𝐷𝐷𝑦𝑦 = 𝑘𝑘𝑈𝑈 𝑓𝑓/8

• Uand f and averaged in different ways 
then least squares fit to Dy to obtain k



Conclusions

• Reach unification incorporates sub-reach characteristics 
into the equivalent single reach values

• Dispersion coefficients or depth, etc.
• This allows for direct analytical downstream predictions in 

channels with longitudinally varying characteristics
• It also refines comparison between experimentally obtained 

dispersion coefficients and channel characteristics
• The appropriate reach unification changes between the 

longitudinal and transverse ADE

Thanks for listening! Questions?
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